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(t, 1) Ð ,>03Í�(547(+=>ÑW*�69�2:A:0!Ñ±,%=>;�0�,7(+Ú&0!(5,�(
t Ð Ïz47(5Ú&03Í�472@2+Ï�9�2:A:05Ø�25*�Ù�;�Ñ±9<;ÞÙ%0!0 × (+Ò�254<(£=70)*�2£Ù!FãZ*äÒ�472J(JA�93(J,]=¡03*-9�47ÕOÍ�=>ÑW25*�Ø�(å9325Ú&Í�(5*OÕæA:Ñ±,�=>47ÑWÒ�?:=>0p,¡(Ã?�*�Ñ±çJ?�0�A�0D9�2:A:0D4¡=>2æ0p(59<;

?�,�0D43Fwè),>034<, Ú�(dÕ�932 ×W× ?�A:0Þ(5*�Aé9325ÚÖÒ�ÑW*�0¡=>;�0DÑW4ÖA:0p9�2:A:0D47,�=>2�Ïz2547650�(Ã*�0DÙê25*�05FwÌ�;�0
9�25Ú&Í-(+*@Õ Ù%(5*O=7,�=72 × ÑWÚ&Ñ}=�=7;�Ñ±,w254�=747(J9�0�Ò�(J9<ë�Ñ ×W× 036J( × A:0p9�2:A:0D47,�=72!=>;�0)2+ìH03*�A:ÑW*�6!?�,>034<,3F
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M
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(2, 1) Ð 8�8�Fí *Þ2£ÜJ0347Ü@Ñ}0DÙä25Ïi=>;�ÑW,IÑ±,ÎÏz2J?�*�AÞÑ}*ÃÝyß10dàgF í × ÑW*�0D(54
(2, 1) Ð ,>03Í�(547(+=>ÑW*�6�932@A�0)Ñ±,�0pçO?�ÑWÜd( × 03*O==>2�(5*�ÑW*J=7034<,�0p9Q=7Ñ}*�61932@A�0�Ý ñ+àTØ:(+*-A&,�2JÚ&0�4>0p,�? × =<,w;�(dÜ50�Ò�030D*�Í�472£Ü50pA�ÑW*�A:0DÍ-0D*�A:0D*J= × Õ�Ïz2J4
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ÙI2J? × A�65ÑWÜJ0�Ú�(=:�254%Ñ}Ú&Í�4>2£ÜJ03Ú&03*O=<,w2+Ïu=>;�0 ?�Í�Í-0D4�Ò-2J?�*�A�,/ÑyÏuÍ�472£Ü50DA�F

> ?A@)Ä�BDCFEHG�Ë Å"I:ÈFIKJML�LHÈN@7E9I@ÇPO7L�IKJ]ÈN@

QSR ¥@¨-©£¥�TVU ­W��¯Bµ<¶D·J¯Q³�¶Jº�¾Z½d²±¸�¯7·æº-#�µ<¶d¸�µ<½£¾Z¯Q¸�½£¾T²±¸O¹æ½d¸ ½d®Dº�²z¾|®<½d®.#�³7»-º<µ<¶p·5¯�¶X&ZY$[�Y
\ ¶d®7·£³7&7®7¶=( ¾%��¯

(15, 27)
³]��¶£®�¾�¯�¸H¯<·_^¡¯Q®<·5¶pµ)`æµ<¶p·5¯

K ′(4) \ ²z¾�� µ7¶p·5¯�³�½£³�·5¯�³3µQ®Q²Tº<¯<·



º.#�� ²±¸O¹��XY����	�
t = 2 
 ¶=�£¯�® GF(112)

´�²±³�½ &�½$(Ö²z° #å¶M&
(2, 1) +��
� ¶M&Þ½d³ #=(�¼�¾Z¶£¾T²Tµ�®7½£¾Z¯

R = 0.2033
¿
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t
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2 ≤
t ≤ √

q − 1
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R =

1

t
− 1√

q − 1
+

1 − 2 logq t
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√
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(15, 27) (2, 1) Ð 8�8�Ø:Ù�;�03470�Ïz4725Ú Ù%0�Í�Ñ±9<ë 112 (+47Ò�Ñ}=>4<(+47Õ9�2:A:03Ù%254<A�,3FHÌ�;�ÑW,19�2:A:0¡93(5* Ò�0¡9325*�9D(£=703*�(+=>0DA Ù�Ñy=7;Ã(��)ÑW*�6�9�2:A:0�2£ÜJ034

GF(112)
Ø�Ïz2J4

Ù�;�Ñ±9<;Ã(�47(+=>0¡2+Ï�(+Í�Í�4>2��:ÑWÚ�(£=70 × Õ
0.4355

(5*�AÃÚ&Ñ}*�Ñ}ÚÖ?�Ú A:Ñ±,]=<(+*�930 Ú&2J4>0 =>;-(+*
0.5

Ñ±,
25Ò:=<(+ÑW*�(+Ò × 05FiÌ�;�Ñ±,!65ÑWÜ50p,1(B9325*�9D(£=703*�(+=>0DA�9�2:A:0ÞÙ�;�Ñ±9<;ÃÑ±,

(2, 1) Ð ,>03Í-(+4<(£=>ÑW*�6�Ù�Ñ}=>;�=>;�0,]=<(£=>0pA�47(+=>0+F
ã�=�Ñ±,�(BÒ�Ñ}=�?�*�9 × 0D(54�;�2£Ù 0D(J,�Ñ × Õ Ù%0Þ93(5*ö9�2J*�,]=74>?-9Q=�=7;�0�,>0DçO?�0D*�9�0p, 2+Ï)93?�4>ÜJ0D, 2J*

Ù�;�Ñ±9<;B=>;�0��)ÑW*�6�9�2:A:0p,�(54>0 Ò�(5,>0DAHâHÙ%0 ;�(dÜJ0 Ïz25?�*�A *�2�0��:Í × Ñ±9�Ñ}=)9325*�,�=>47?�9Q=7ÑW25*BÑW*B=>;�0
× Ñ}=7034<(£=>?�4>05Ø5Ò�?:=�Ñ}=IÑ±,�;�Ñ}*O=70DA¡=7;�(£=I=>;�0!9�2J*�,]=74>?-9Q=>ÑW2J*�,�;�2J? × A¡Ò-0�Ïz0D(J,�ÑWÒ × 05FOÌ�;�01( × =>0D4>*�( Ð=>ÑWÜ50 Ñ±,�=72�?�,>0!=>;�0 47(5*�A:25Ú 9�2J*�,]=74>?-9Q=>ÑW2J*�25Ï�Ý ñ@ØWß�0dà�Ïz2541(¡47(+=>0�25ÏF0�F ð90��5Ô@Ø:Ò�?:=�=>;�(+=)Ñ±,
9�034>=7(5ÑW* × Õ¡9325Ú&Í�?�=7(£=7ÑW25*�( ×}× Õ�ÑW*O=>4<(59�=7(5Ò × 0)03ÜJ03*�Ïz254�Ú&2:A:0D47(+=>0!9�2:A:0 ,�ÑWôD0D,3F

� Á Ç�ÄiÊ�ÊXJMEOÄ E��<ÈwÇ
(2, 1) �! " 

3�0/ë@*�2£Ùé=>;�(+=I( 9�2:A:0/9D(+*&( × Ù�(dÕ:,�Ò�0)A:0p,>934>ÑWÒ�0DAÖ(5,Î(1=74>0 ×}× Ñ±,3Ød(5*�A =>470 ×W× ÑW,>0D,�;�(dÜ50�Ò�030D*
,]=7?�A:ÑW0DAÃ( × 25=!(J,1A�03Ü@Ñ±9�0D,�Ïz2J4!A�0D9�2:A:ÑW*�6�FW3�0¡Ù�Ñ ×W× *�25= 4>? × 0Ö25?:=!=7;�0¡Í-2O,>,>ÑWÒ�Ñ × Ñ}=]ÕÞ=>;�(+=
,�2JÚ&0325*�0�Ù�Ñ ×W× Ù%(5*J=I=>2 ?�,�0)=>470 ×W× Ñ±,wA:0D932@A�Ñ}*�6�2+Ï�,>03Í�(547(+=>ÑW*�6�932@A�0D,%(£=%,>25Ú&0)Í-2JÑ}*O=DØJÒ�?:=
=>;�(+=�²±³�¸�¶£¾i2J?�4�9325*�930347*�F�3å0%Ù%(5*J=�=>2�A�0347Ñ}ÜJ0wÒ-2J?�*�A�,�25*�=>;�0I47(+=>0�25Ï

(2, 1) Ð ,>03Í�(547(+=>ÑW*�69�2:A:0D,3Ø�(+*-A�Ñ}=/(+Í�Í-0p(+4<,�=7;�(£=),>?�9<;�Ò-2J?�*�A�,/Ú�(dÕÖÒ�0�A:0D4>ÑWÜ50pA�Ò@ÕÞ,�=>?�A�ÕOÑW*�6Ö=7;�0!=>470 ×W× Ñ±,�F
í =>470 ×W× ÑW,IÑ±,�(¡654<(+Í�;�Ù�;�0D4>01=>;�0�Ü50D4�=7ÑW930D,�(+470 A:ÑWÜ@ÑWA�0DA�ÑW*O=>2

(n + 1)
9 × (J,>,>0D,%93( ×W× 0pA

¾|²%(�¯Q³<F$#�Ü50347Õ�0pA:650¡6J2O0p,1Ïz4>2JÚ (�ÜJ034>=>0���(£= =>ÑWÚ&0
i
=72 (�Ü5034>=>0%�Ã(£= =7ÑWÚ&0

i + 1
Ø�(+*-A

ÑW, × (+Ò�0 × 0pABÙ�Ñ}=>;å(+*�0 × 03Ú&03*O=1Ïz4>2JÚ ,�2JÚ&0Ö( × Í�;�(+Ò�0�=
Q
F�Ì�;�0¡Ü50D4�=7Ñ±9�0D,�2+Ï�(�=74>0 ×W× Ñ±,�(+470

93( ×W× 0DA�³Q¾Z½£¾Z¯Q³<F í =>470 ×W× Ñ±,/( × ,>2�;�(dÜ50 =>;�0ÖÍ�4>2JÍ-0D4�=]Õ�=>;-(£=1=>ÑWÚ&0 0�(+*�A�=>ÑWÚ&0
n
0D(J9<;�;�(J,

0���(59�= × Õ�2J*�0�ÜJ034>=>0%��Ø�93( ×W× 0pA�4>0p,�Í�0D9�=>ÑWÜ50 × Õ�=>;�0�²±¸�²z¾T²T½£°%(+*�A�=7;�0'&w¸H½+°Î,]=<(£=70D,3FHÌ�;�0D4>0 Ñ±,
(£= × 0D(5,�=�25*�0!Í�(+=>;�Ïz4>2JÚê=>;�0!ÑW*�Ñ}=>Ñ±( × ,�=7(£=701=>2¡0D(J9<;�ÜJ034>=>0���25Ï�=7;�0!654<(+Í�;�Ø�(5*�A�(+= × 0p(5,�=
25*�0!Í�(+=>;�=>2Ö=>;�0 á *�( × ,]=<(£=>01Ïz4725Ú 0p(59<;�Ü50D4�=70��Þ25Ï�=>;�0 654<(+Í�;�F
í Ò�ÑW*�(+47Õ

(n, M)
932@A�0�9�2J4>470D,>Í-2J*�A�,¡=72é(å=74>0 ×}× Ñ±,ÖÙ�Ñ}=>; × (+Ò�0 × ( × Í�;�(5Ò-03= {0, 1} F#ÎÜ50D4>Õ¡Í�(+=>;�Ïz4725Ú =7Ñ}Ú&0
0
=72�=>ÑWÚ&0

n
A�0 á *�0p,�(�9�2:A:0DÙI2J47A¡Ò@Õ¡=7;�0 × (5Ò-0 × ,Î2+Ïi=7;�0�0pA:650p,�F

#ÎÜ50D4>ÕÞ932:A:03Ù%254<A�Ñ±,�A:0 á *�0DA�Ò@Õ�(+= × 0p(5,�=%2J*�0 ,�?�9<;�Í�(+=>;�F
í =74>0 ×W× Ñ±,�ÑW,%Ú&2O,]=�2+Ï±=703*�9�25*-,�Ñ±A:0D4>0pA�(5,�(5*Þ?�*�A�Ñ}470D9�=>0pAÞ6J47(5Í�;�Ø:Ò�?:=�Ù%01Ù�Ñ ×W× *�03ÜJ034 Ð=>;�0 × 0p,>,%,7(dÕ =7;�(£=�(+*�0DA:6J0)Ò�0�=]Ù%030D*�(Ö,]=<(£=>0

v
(£=%=>ÑWÚ&0

i− 1
=72Ö,>25Ú&0�,]=<(£=>0

w
(+=I=7ÑWÚ&0

i
652@0D,%Ïz4725Ú

v
=>2

w
F

ã�Ï%0p(59<;æ9�2:A:0DÙI2J47A�9�2J4>470D,>Í-2J*�A�,�=>2B0%��(59Q= × Õ 25*�0¡=74>0 ×W× Ñ±,�Í�(£=7;�Øi=7;�03*æÙ%0�,>(dÕ =>;�(+=
=>;�0�=>470 ×W× ÑW,�Ñ±,�¶£¸H¯ + ¾�¶ + ¶d¸�¯QF í ¼�®7¶7¼�¯Q®&=74>0 ×W× Ñ±,�Ñ±,�2J*�0�Ù�;�0D4>0�=]ÙI2�0pA:650p,�Ïz4725Úõ=>;�0¡,7(+Ú&0



c1

a1

b1

c2

a2

b2

c3

������� �-	'��
 �u�@L�\eY!M�Vp`Z`Z\ l �_L%`�{ l NZX]L<�_�y\_`u\eS k X]VDM�VD`Z\_N]\_VDS � P

a2

a1

b2

b1

1

1

0

������� �-	��P
 �u�@L�\eY!M�Vp`Z`Z\ l �_L%`�{ l NZX]L<�_�y\_`u\eS k X]VDM�VD`Z\_N]\_VDS s P

Ü5034>=>0%��*�03Ü50D4�;�(dÜJ0&=>;�0�,7(+Ú&0 × (+Ò�0 × F�ã�ÏZØ�ÑW*ö(5A�A�Ñy=7ÑW25*�Ø�*�2 =]Ù%2 0DA:6J0D, ÑW*J=72�=>;�0�,7(+Ú&0
Ü5034>=>0%��;�(dÜJ0!=>;�0 ,>(5Ú&0 × (5Ò-0 × Ø:=>;�0D* ÙI0�,7(dÕ�=7;�(£=)=>;�0�=>470 ×W× ÑW,%Ñ±,�º�² ¼-®7¶<¼�¯�®QFHã�=�Ñ±,�ë@*�2£Ù�*
=>;�(+= 03ÜJ0347Õ�Ò × 2:9<ëÃ932:A:0�9325474>0p,�Í�25*�A�,1=>2Ã( ?�*�Ñ±çO?�0�Ú&ÑW*�ÑWÚ�( × Í�4725Í�034 =74>0 ×W× Ñ±,3ØiÑgF 05F�=>;�0
Í�4>2JÍ-0D4�=>470 ×W× Ñ±,ÎÙ�Ñ}=>;�=>;�0 Ú&ÑW*�ÑWÚ�( × *@?�ÚÖÒ-0D4%25Ï�0pA:650p,�F

�!©d¨
	�¨�«������T¨ ����
<¸Ã½¡¾T®7¯3°±° ²±³ µ<¶£®Q®7¯Q³g¼�¶d¸�·d²±¸O¹Þ¾�¶Þ½
(2, 1) + ³3¯Z¼�½£®7½£¾T²±¸O¹�µ7¶p·5¯<´�² &1¾ \ ¶&·£²±³ +¾|²±¸�µ�¾I¼�½£¾��O³��3¶£²±¸ ²±¸ä³3¶=(&¯Z�+¯�®�¾�¯��

v
´�¾���¯��3¶d²±¸�¾%¼�½+¾%� µ<½£¸�¸H¶+¾1®7¯Dº�®7½£¸Hµ �ä½+¾�½d¸ #�°y½+¾�¯�®

¾|²%(�¯3¿
�I®7¶p¶X&Q¿�ã�Ï-=7;�0%=>470 ×W× ÑW,�ÙI0D4>0I=>2 9325*O=7(5Ñ}*�=]ÙI21Í�(£=7;�,�Ù�;�Ñ±9<; á 47,�=�:�25ÑW* (5*�A × (+=>034�4703Ò�4<(+*-9<;�Ø
Ñy=�Ù%25? × A&Ú&0p(+*Þ( ,�?�Ò Ð =74>0 ×}× Ñ±,Î(J,I6JÑWÜ503*&ÑW*�Û�ÑW6J?�4>0�ß+F:ã�Ïu,>2�Ø:Ù%019D(+*Þ9325*�,>Ñ±A:034I=>;�0�=>;�4>0D0Ü50D9�=>2J47,

v1 = c1||a1||c2||a2||c3

v2 = c1||a1||c2||b2||c3

v3 = c1||b1||c2||a2||c3

�/2£Ù
v1
Ñ±,Î*�25=�,>03Í�(547(+=>0pAÖÏz4>2JÚ

(v2,v3)
Ø�,�2�=>;�0�=>470 ×W× Ñ±,w93(5*�*�2+=%Ò-0

(2, 1) Ð ,>03Í-(+4<(£=>ÑW*�6�F

� ¨-©d©£¨
�����:©d¦�� ­���¯/¾|®<¯�°±° ²±³/¶X&�½
(2, 1) + ³3¯Z¼�½£®7½£¾T²±¸O¹�µ<¶p·5¯�µ7½£¸�¸�¶£¾�µ<¶d¸�¾�½£²±¸�½7�+¯Q®�¾Z¯�� \ ²z¾%�º7¶+¾%�B¾ \ ¶&²±¸Hµ<¶$(Ö²±¸O¹�½d¸�·&¾ \ ¶Þ¶£»�¾}¹@¶d²±¸@¹�¯<·�¹@¯�³ �Z¶M&<¾�¯�¸åµ<½+°±°y¯<·�½�ºQ»�¾g¾�¯�®��,# �£¯�®�¾�¯�� 
 ¿

�!©d¨
	�¨�«������T¨ ���� ,�£¯�®.#
(2, 1) + ³3¯�¼�½d®<½£¾T²±¸O¹�µ7¶p·5¯ ��½£³ ½Þº�² ¼-®7¶<¼�¯�®�¾T®7¯3°±° ²±³�¿



�I®7¶p¶X&Q¿"3�0�9325*�,>Ñ±A:034%=7;�0�Ú&ÑW*�ÑWÚ�( × Í�4>2JÍ-0D4�=>470 ×W× Ñ±,�25Ï�(
(2, 1) Ð ,�0DÍ�(+4<(£=7ÑW*�6 932@A�0+F ��0�= vÒ-0)(!ÜJ034>=>0%��Ù�Ñ}=>;Ö=]ÙI2 ÑW*�9325Ú&ÑW*�6�0DA:6J0D,�Ù�Ñ}=>;Ö=>;�0),>(5Ú&0 × (5Ò-0 × Ø£,7(dÕ

1
FJÌ�;�Ñ±,wÚÖ?�,]=wÚ&0p(+*

=>;�(+=�Ù%0�;�(dÜJ0�(Þ,>?�Ò:=>470 ×W× Ñ±, × ÑWëJ0!=>;�0 25*�0ÖA:47(dÙ�*�ÑW*�ÛuÑW65?�470�ð@Ø�Ù�;�03470
a1||0||b2

Ñ±,/*�25=
(Ö932:A:03Ù%254<AHF-ï�Ò�,>0347Ü50�=>;�0!=7;�4>0D0�9�2:A:0DÙI2J47A�,

v1 = a1||1||b1

v2 = a2||1||b1

v3 = a2||0||b2.

'/03470+Ø
v2
ÑW,%*�25=),�0DÍ�(+4<(£=70DA�Ïz4>2JÚ

(v1,v3)
F

� ��@ I@Ç�ÈwÅ'G�����Ä @��FI:Â	� Ç�È�
1Ê]Ä E C @�� Â"J
��Â)Ä�Ç BåÄ J
�ÎÂ I E

Ì�;�Ñ±,�,>0D9�=>ÑW25*�A�0D( × ,�Ù�Ñ}=>;�6J03*�0D47( × 932:A:0D,3Ø£*�2+=�*�0D930D,7,>(54>Ñ × Õ�,>03Í-(+4<(£=>ÑW*�6�FD'/ÑW6J;�034uÙI0DÑW65;O=7,3Ø
254)6J03*�0D47( × ÑW,>0DA�')(5Ú&Ú&Ñ}*�6ÖÙ%03ÑW6J;J=<,�Ø-;�(dÜ50�Ò�030D*Ã,�=>?�A�Ñ}0pA�Ïz254 × ÑW*�0p(+4)932:A:0D,�,�ÑW*�930�ß�� �!�
Ý �+à�(+*-A¡;�(dÜ50�470D9303ÑWÜ50pA 9325*�,>Ñ±A:034<(+Ò × 0IÑ}*O=703470D,�=ÎÙ�Ñy=7;¡=>;�0�A:0 á *�Ñy=7ÑW25*¡2+ÏH=>;�0/ÙI0DÑW65;O=Î;�ÑW034 Ð(+4<9<;OÕ!ÑW*Þß�����ß)Ý}ß��DàgF5Û�2J4u*�25* Ð × Ñ}*�0D(+4�9�2:A:0D,3Ø5A:Ñ}ìH034703*O=�A�0 á *�Ñ}=7Ñ}2J*�,i;-(dÜ50%Ò-0D03*¡,�?�6J650p,]=70DAÝ 4�Ø}ß£ØWß�4+àTFK3å0!Ù�Ñ ×W× Í�47ÑWÚ�(+47Ñ × Õ ?�,>01=>;�0!0D*J=74>2JÍ@Õ�� × 03*�65=>;&Í�472 á�× 0p,�ò # ���IóIÏz4725Ú ÝyßpÓdàTF�Ì�;�0
# ��� Ù�(5,%?�,>0DA�=>2&A:0 á *�0!=7;�0 ÙI0DÑW65;O=%;�Ñ}0D47(5479<;@ÕÖÑW*ÃÝ}ß�4£àgF

�i0�=
X
Ò-0�(Ö,]=72:9<;�(5,�=>Ñ±9�Üd(54>Ñ±(5Ò × 0+ØJ4703Í�4>0p,�0D*J=7ÑW*�6�(¡9�2:A:0DÙI2J47A�A�47(dÙ�*�?�*�Ñ}Ïz2547Ú × ÕÖ(+=

47(5*�A:25Ú Ïz4725Ú ,>25Ú&0�9�2:A:0
C
F�3�47Ñ}=>0

[n] = {1, 2, . . . , n} F�Û�2J4%(5*OÕ�,>?�Ò�,>0�= I ⊆ [n]
Ø × 0�=

XI
Ò-0¡=7;�0&Ü50p9Q=>2J4

(Xi : i ∈ I)
Ø�Ù�;�0D4>0

X = (Xi : i ∈ [n])
F�G × 0D(+4 × Õ

XI
ÑW, ( × ,�2�(

,]=72@9<;-(5,�=>Ñ±9)Ü£(54>Ñ±(+Ò × 05ØJÒ�?�=/*�2+=/*�0p9�0p,>,7(+47Ñ × ÕÖ?�*�Ñ}Ïz2J4>Ú × Õ¡A:Ñ±,]=74>ÑWÒ�?:=70DAHF

��¥����������|¨��������7�W�3©£¨ 	�¦�� ­���¯��Zº�²±¸H½£®.# 
 ¯�¸-¾T®7¶7¼�#Ö¶X&!½¡·d²±³3µ�®7¯�¾Z¯�³Q¾�¶pµ ��½d³Q¾T²Tµ �£½£®Q²T½5º3°y¯
X
·d®7½ \ ¸ &7®7¶=( ½&³�¯3¾ X ²±³�·5¯ &w¸H¯<·�½d³

H(X) = −
∑

x∈X

P (X = x) log P (X = x).

­W��¯�µ<¶d¸�·d²z¾T²T¶d¸H½+°i¯Q¸�¾|®7¶<¼ #&¶X&
X \ ²z¾��&®<¯Q³g¼�¯7µ3¾w¾Z¶ ½£¸H¶£¾���¯�®�·d²±³3µQ®<¯�¾Z¯�³Q¾�¶pµ)��½d³Q¾T²Tµ7�£½£®Q²T½5º3°y¯

Y
&7®7¶$( Y ²±³

H(X |Y ) = −
∑

y∈Y

P (Y = y)
∑

x∈X

P (X = x|Y = y) log P (X = x|Y = y).

3�0�A�0 á *�0!=7;�0Þò|?�*�254<A:0D4>0pA�ó�9�2J*�A:Ñ}=>ÑW25*-( × # ��� =>2&Ò�0 =>;�0 ,�0pçJ?�03*�930
(hi : i ∈ [n])Ù�;�03470

hi = max
#I=i

H(XI |X[n]\I),

ÙI0 ( × ,>2 ;-(dÜ50�=>;�0 2J47A:0D4>0pAÞ9325*�A:Ñ}=7Ñ}2J*�( × # ���
(gi : i ∈ [n])

Ù�;�0D4>0

gi = H(X[i]|X{i+1,...,n}).

#ÎÜ@ÑWA�03*O= × Õ+Ø
gi
A�03Í�03*�A�,�2J* =>;�0å9�2@2J47A:ÑW*�(+=>0B2J47A:0D4>ÑW*�6ö(5*�A Ú�(dÕä=>;@?�,�Ò-0åA:Ñ}ìH034703*O=

Ïz254�=]Ù%2 0pçJ?�Ñ}Ü£( × 0D*O= 932:A:0D,3FÎï�*å=7;�0Þ25=>;�0D4�;�(5*�AHØ
hi
Ñ±, =>;�0ÞÚ�( �:ÑWÚÖ?�Ú 2+Ï

gi
Ïz254 ( ×W×

0DçO?�ÑWÜ£( × 03*O=%932:A:0D,3Ø�(+*�A�=7;O?-,�Ñ}*@Ü£(+47Ñ±(+*O=�=7;�4725?�6J;�25?:=/(5*�0pçJ?�Ñ}Ü£( × 0D*�9�019 × (5,7,3F



Ì�;�0�Ù%03ÑW65;O=);�ÑW0D47(5479<;@Õ�(5,�A:0 á *�0DA�Ñ}*æÝ}ß�4+àuÑ±, {i|hi > hi−1}
F�ã�=1Ñ±,/(5* ÑW*J=703470D,�=>ÑW*�6

Í-2JÑ}*O=�=7;�(£= =>;�0�ÙI0DÑW65;O=�;�ÑW034<(+4<9<;@ÕB2+Ï)( × ÑW*�0D(54�9�2:A:0�( × Ù%(dÕ:,!;�(J,
k
0 × 0DÚ&03*O=7,3Ø�Ù�;�Ñ × 0

=>;�0D4>0 ÑW,)*�2ÞÙ�(dÕ�=>2ÞÍ�4>0pA:Ñ±9Q=/=7;�0 *@?�ÚÖÒ�034)25ÏÎ0 × 03Ú&0D*O=7,�ÑW*�=>;�0 Ù%03ÑW65;O=/;�ÑW0D47(5479<;@Õ�25Ï�(
*�25* Ð × ÑW*�0D(54I9�2:A:05Ø�*�2¡Ú�(£=>=>0D4%Ù�;�ÑW9<;�A:0 á *�Ñ}=>ÑW25*�Ñ±,I?-,�0pAHFãZ*Þ=7;�Ñ±,�Í�(+Í�034�Ù%0!?�,�0!=7;�0 Í�(547(5Ú&0�=>0D47,

tj := min{i : gi ≥ j}, Ù�;�03470
j = 0, . . . , blog Mc .

3�0�;�(dÜ50�Í�(54�=7Ñ±9�? × (+4�ÑW*O=>0D4>0p,]=ÎÑW*¡=>;�0 á 4<,]=IÍ�(+4<(+Ú&03=>034DØ
t := t1

Ø@Ù�;�Ñ±9<;¡ÙI0)(54>0)6525ÑW*�61=72
93( ×W× =7;�0 6 =>Ñ±,�=7(+*-9�0<8-2+Ï�=>;�0Ö9�2:A:05F-Û�2J4�( ×W× 932:A:0D,

t ≥ d
Ø�(5*�A�Ïz254 × Ñ}*�0D(+4�932@A�0D,/Ù%0 ;�(dÜJ0

t = d
F 3å0�( × ,>2 A:0 á *�0�(Ö*�2J4>Ú�( × Ñ±,>0DAÖÚ&0D(J,�?�4>0

τ := t/n
F

��¥�T T ���éÝ}ß�4:Ø �i03Ú&Ú�(Öðdà���¶d®�½£¸P#
(n, M)q

µ<¶p·5¯
C
´ \ ¯ ��½$�+¯ hl(C) ≥ r \ ��¯�®7¯

r = l + logqM − n
¿

�!©d¨
	�¨�«������T¨ ��� � Q �T«�� � ���5¥�	 ����

�T¥��D¨�����¨�
 ��ª�����¶d®¡½d¸P#
(n, M)q

µ<¶D·J¯ \ ²z¾%�B¾|²±³ +¾�½£¸Hµ<¯
t
´ \ ¯ ��½=�£¯ t < n − logqM + 2

¿
Ì�;�0 Í�4725Í�2J,>Ñy=7ÑW25*�Ïz2 ×W× 2£Ù/,�A:ÑW470D9�= × Õ¡Ïz4>2JÚ ��03Ú&Ú�( �OØ�Ò@Õ�,�03=�=7Ñ}*�6

l = t
(5*�A�*�2+=7Ñ}*�6

=>;�(+=
ht < 2

F
�)2+=>0�=>;�(+=/ÑyÏ
M = qk Ïz254/,>25Ú&0!ÑW*O=>036J034 k

Ø�=>;�0D*
t ≤ n − k + 1

Ø�Ù�;�ÑW9<;
ÑW,%=7;�0!Ú&2547019325Ú&Ú&2J*�8@ÑW*�6 × 03=>25*�Ïz2547Ú 2+Ï�=>;�0 Ò�25?�*�AHF
� ¨-©d©£¨
�����:©d¦�����¶d® ½£¸å½d³ #=(�¼�¾Z¶£¾T²Tµ¡µ�°y½£³<³�¶M&�µ<¶D·J¯Q³>´ \ ¯ ��½=�£¯ τ ≤ 1 − R

¿
� ¨����D¥��9��
�©d¥ ����� � �T¨P��� �����]�<¦ 	�¥��I¨�
 ��ª�����¶£®�½£°±°:½d³ #=(�¼�¾Z¶£¾T²Tµ�µ<¶D·J¯Q³>´ \ ¯���½$�+¯ R ≤
RP (τ) := 1 − 2τ

¿
Ì�;�0�470365? × (54�(5,>ÕOÚ&Í�=>2+=7Ñ±9�� × 25=>ë@ÑW*�Ò�25?�*�A ,�=7(£=70D,�=7;�(£=

R ≤ 1 − 2δ
F�8@ÑW*�9�0

τ ≥ δ
Ø

=>;�0�9325*$:�0p9Q=>?�4>0!Ñ±,�,]=74>2J*�650D4�=7;�(+*�=7;�Ñ±,�F
� ¨����D¥��9��
�©d¥ � ����¯�¾

RLP (δ)
º<¯%¾���¯���� � ! º7¶£»:¸H· �XY=[ �Q¿!��¶£®�½£¸�½d³ #=(�¼�¾Z¶£¾T²Tµ7½+°O¸H¶d¸ +° ²±¸H¯<½d® µ<¶p·5¯<´I²z¾N��¶£°}·d³�¾���½£¾

R ≤ RLP (τ)
¿

ï�ÒOÜ@ÑW25?-, × Õ+Ø�GI25*$:�0p9Q=7?�4>0¡ßJß1ÑWÚ&Í × ÑW0D,�GI25*$:�0p9Q=7?�4>0¡ß10:Ø:Ò-0p93(5?�,�0!=7;�0S/#" " 3 Ò�25?�*�A
ÑW,1,�=>4725*�6J034�=7;�(+*�=>;�0 � × 2+=7ëOÑW*BÒ�25?�*-AHFW3�0¡,]=<(£=70�=7;�0Ö9325*$:�0p9Q=7?�4>0p,�,>03Í-(+4<(£=>0 × Õ�=>2�03* Ð9�25?�47(5650�Ù%2547ë�2J*�( � × 25=>ë@ÑW* Ð =]ÕOÍ�0�Ò�25?�*-A ÑW*B=>0D4>Ú�,)2+Ï t

FiÌ�;�0 ?�,>?�( × � × 2+=7ë@Ñ}*BÒ�25?�*�A
;�(5,/(&9 × 0D(+*�034�0��:Í�470D,7,�ÑW2J*�(+*-A�(&,>ÑWÚ&Í × 034%Í�472O25Ï�=7;�(+*�=7;�0 /#" " 3 Ò-2J?�*�AHØH(+*�A�=>;@?�,
GI25*$:�0p9Q=>?�4>0¡ß5ß!Ú�(dÕ&Ù%0 ×W× Ò-0�9325*�,>Ñ±A:034<(+Ò × ÕÖ;�(547A:0D4%=>2&Í�472£Ü505F

$ Á Ç�ÄiÊ�ÊXJMEæÉ�È O"@�� EöÈN@
(2, 1) �   

í =�=>ÑWÚ&0
i
Ø × 0�=

Σi = {σ1, . . . , σa}
Ò�0!=>;�0�,�03=�25Ï�,�=7(+=>0p,�Ù�Ñy=7;�Ú&2J4>0�=>;-(+*�25*�0 ÑW*�9325Ú ÐÑ}*�6�Í-(£=>;iFuÛ�2J4�(+*@Õ�,�=7(+=>0

σ
Ø × 0�=

P (σ)
Ò�0&=7;�0�*@?�ÚÖÒ-0D4 2+Ï�A:Ñ±,]=7Ñ}*-9Q= ÑW*�9�2JÚ&Ñ}*�6ÞÍ�(+=>;�,

4>0p,�Í�0D9�=>ÑWÜ50 × Õ5F%"�03Ú&0DÚ Ò�034�Ïz4725Ú �Î4>2JÍ-2O,�Ñ}=7Ñ}2J*�Ó¡=7;�(£=1(+*@Õ�,�=7(+=>0
σ ∈ Σi

;�(5,�2J* × Õ�25*�0
25?:=76525ÑW*�6 Í�(£=7;�F 3å0 6503=%=7;�(£=

gi =
∑

σ∈Σi

P (σ)

M
h(P (σ)) = M−1

∑

σ∈Σt

P (σ)log P (σ), ò]ßdó



254�0DçO?�ÑWÜ£( × 0D*J= × Õ�=7;�(£=

M = g−1
i

∑

σ∈Σt

P (σ)log P (σ).
ògð5ó

8@0�=>=>ÑW*�6
i = t

Ø-ÙI0!6503=�=>;�(+=

M ≤
∑

σ∈Σt

P (σ)log P (σ).
òTÓJó

QSR ¥@¨-©£¥�T �KU *
(2, 1) + ³3¯Z¼�½£®7½£¾T²±¸O¹�µ7¶p·5¯ ��½d³!³<²��p¯ M ≤ 2t ¿

�I®7¶p¶X&Q¿ �i0�=
Σi

Ò-0�=7;�0�,>0�=¡2+Ï1,]=<(£=>0p,¡(£=Ö=>ÑWÚ&0
i
Ù�Ñ}=>;éÚ ? × =7Ñ}Í × 0&ÑW*�9325Ú&ÑW*�6BÍ�(+=>;�,¡(J,

Ò-03Ïz25470+ØJ(5*�A × 03=
Σ′

i

Ò�0�=>;�0�,�03=Î2+Ï�,]=<(£=>0p,Î(£=w=7ÑWÚ&0
i ≤ t

Ù�Ñ}=>;&(!?�*�Ñ±çO?�0�ÑW*�9�2JÚ&Ñ}*�6)Í�(+=>;�Ø
(+*�AB(¡Í�(+=>; × 0D(JA:ÑW*�6 =>2Þ(&,�=7(+=>0�ÑW*

Σt
F�ï�Ò@Ü@Ñ}2J?�, × Õ5ØOÙ%0 ;�(dÜJ0

#Σi + #Σ′
i ≤ 2i F í × ,>2*�2+=70�=>;-(£= (�,]=<(£=70�ÑW*

Σi
ò±Ïz254

i < t
ó/Ú ?-,]=1;�(dÜ50�(Ãòz?�*�ÑWçO?�0dó�25?�=>652JÑW*�6&Í�(£=7; × 0D(JA:ÑW*�6

=>2&(&,]=<(£=701ÑW*
Σt
FHï�Ò�,>0347Ü50/=7;�(£=

Σ′
t = ∅ F3�0 Ù�Ñ ×W× Í�4>2£ÜJ0)=7;�(£=�Ïz2J4

i = 0, . . . , t
Ø-ÙI0!;�(dÜJ0

M ≤ 2i





∑

σ∈Σt−i

P (σ)log P (σ) + #Σ′
t−i



 .
ò�4@ó

Ì�;�Ñ±,�;�2 × A�,IÏz254
i = 0

Ò@Õ�òTÓJó<Ø�,>2¡Ñ}=�Ñ±,�,>?���9�ÑW03*O=%=>2�,>;�2£Ù =7;�(£=

∑

σ∈Σi

P (σ)log P (σ) + #Σ′
i ≤ 2





∑

σ∈Σi−1

P (σ)log P (σ) + #Σ′
i−1



 .
òTÔJó

Ïz254
0 < i ≤ t

F�8@ÑW*�930
Σ0 = ∅ (5*�A Σ′

0

Ñ±,1=>;�0�,�ÑW*�6 × 03=>2J*�,�03= 9�2J*O=7(+ÑW*�ÑW*�6Þ=>;�0ÞÑ}*�Ñy=7Ñ±( ×
,]=<(£=>05Ø�ò�4@ó%Ñ}Ú&Í × ÑW0p,

M ≤ 2t Ò@Õ�ÑW*�,�0D4�=7ÑW*�6 i = t
Ø�Ù�;�Ñ±9<;ÞÙ�Ñ ×W× Í�472£Ü50�=>;�0!=7;�032J4>0DÚ�F

#�(59<; ,�=7(+=>0
σ
ÑW*

Σi
Ú ?�,�=);�(dÜJ0 Í�(£=7;�,)Ïz4>2JÚõ2J*�0�2J4/=]Ù%2Þ,]=<(£=70D,

Σi−1 ∪ Σ′
i−1

FHã�Ï
=>;�0D4>0!Ñ±,�25* × Õ&2J*�0 ,�?�9<;�,�=7(£=70

σ′ Ø�=>;�0D*�Ù%0!;�(dÜ50 P (σ) = P (σ′)
(5*�A

σ′ ∈ Σi−1
F

ã�Ïi=>;�0D4>01(+470/=]Ù%2 ,>?�9<;Þ,�=7(+=>0D,
σ1
(5*�A

σ2
Ø:ÙI0�6503=�=>;-(£=

P (σ1) + P (σ2) = P (σ)
F�ã�Ï

P (σj) = 1
Ø�Ù%0!;�(dÜ50

σj ∈ Σ′
i−1

Ø�2+=>;�0347Ù�ÑW,>0
σj ∈ Σi−1

FHï�Ò�,>0347Ü50�=>;�(+=

P (σ) log P (σ) ≤ 2(P (σ1) log P (σ1) + P (σ2) log P (σ2)),Ñ}Ï
σ1, σ2 ∈ Σi−1,

ò|ñOó

P (σ) log P (σ) ≤ 2P (σ1) log P (σ1) + 1,Ñ}Ï
σ1 ∈ Σi−1, σ2 ∈ Σ′

i−1,

ò �5ó

P (σ) log P (σ) = 2,Ñ}Ï
σ1, σ2 ∈ Σ′

i−1.

ò �Oó

#�(59<;æ25ÏI=7;�0D,>0&=>;�4>0D0�0DçO?�(+=>ÑW25*�, A�0D,79�47Ñ}Ò�0D,!2J*�0&=]Õ@Í�0�2+Ï�,]=<(£=70
σ ∈ Σi

F�"�0p93( ×}× =>;�(+=
σj ∈ Σi−1

9D(+*�;�(dÜ50 Ò�?:=�2J*�0¡25?:=76525ÑW*�6�0DA:6J0+FiÛ�2J4�(+*@Õ ,�=7(£=70
σ ∈ Σ′

i

=>;�03470ÖÑ±,125*�0
,]=<(£=>0

σ′ ∈ Σ′
i−1

Ø5(+*�A�0D(59<;Ö,�?-9<; ,�=7(£=70
σ′ ;-(5,�()Í-(£=>; =>2125*�0%2J4�=]Ù%2!,]=<(£=>0p,uÑ}* Σi∪Σ′

i

F



3�0 *�25=>0!=7;�(£=/0p(59<;
σ ∈ Σi

ÑW*åòTÔ5ó�9325*O=>47ÑWÒ�?:=70D,%=>2Ö=7;�0�47Ñ}6J;O=%;�(5*�A�,�Ñ±A:0!Ù�Ñ}=>;�=>;�0
Ú�( �:ÑWÚ ?�Ú (5Ú&25?�*O= Ïz4725Ú =>;�0�Ò-2J?�*�A�,�ò|ñJó =>2éò �JóQFuÌ�;�0&=70347Ú

#Σ′
i−1

ÑW,�Ú ? × =7Ñ}Í × ÑW0pA
ÒOÕ�=]ÙI2Ö=>2¡470���0p9Q=�=7;�0!Ï|(59�=%=7;�(£=/0p(59<;

σ′ ∈ Σ′
i−1

93(5*�;�(dÜJ0 (+*�0DA:6J0�=72Ö=]ÙI2&A:Ñ}ìH034703*O=
,]=<(£=>0p,�ÑW*

Σi ∪ Σ′
i

F-Ì�;�Ñ±,�Í�472£Ü50D,�=>;�0 Ò-2J?�*�AHF

�!©d¨
	�¨�«������T¨ � ����
�&��w¶£¸ �3¯<µ3¾|»:®7¯ZY��B²±³&¾|®Q»-¯<´�¾%��¯Q¸ ½d¸P#Ã½£³ #=()¼H¾�¶+¾|²Tµ<½£°
(2, 1) +��
� ��½£³®7½£¾Z¯

R ≤ 1/3
¿ � ²%(Ö²z°y½d®�° #p´u² &��Î¶d¸ �3¯<µ�¾T»:®7¯ Y9Y ²±³/¾|®Q»-¯<´�¾%��¯Q¸�½d¸P#¡½d³ #=()¼H¾�¶+¾|²Tµ<½+° (2, 1) +��
���½d³ ®<½£¾Z¯

R ≤ 0.28
¿

Ì�;�0�Í�4>2@25Ï�Ñ±,¡Ñ±,Ö,>ÑWÚ&Ñ × (54 =>2å=7;�0B25*�0D,¡?�,>0DAé=>2æÍ�472£Ü50�?�Í�Í�034ÞÒ-2J?�*�A�,¡2J* × ÑW*�0p(+4
(2, 1) Ð 8�8ÞÑW*�Í�(J,]=DØ�,�0D0!0+F 6�F�Ý}ßpÔOØ ñdàgF
�I®7¶p¶X&Q¿1Û�4725Ú =>;�0 � × 2+=7ë@Ñ}* Ð =]Õ@Í�0 Ò-2J?�*�A 25* τ

Ø�Ù%0Ã6J0�=
τ ≤ 1

2 (1 − R)
Ø/(+*-A Ïz4>2JÚ

Ì�;�032J4>0DÚ ßdð!Ù%0/=>;@?�,I6503=
R ≤ 1

2 (1−R)
Ù�;�Ñ±9<;&Í�472£Ü50p,�=>;�01470D,>? × =3FOÌ�;�0�Í�472@2+Ï�2+Ï�=>;�0

,�0p9�25*-A�,>03*O=>0D*�9�0!Ñ±,�,>Ñ}Ú&Ñ × (+4DØ+4703Í × (593ÑW*�6�=7;�0 � × 2+=7ëOÑW*�Ò-2J?�*�A�Ò@Õ&=>;�0S/ " "�3 Ò-2J?�*�AHF

�Þ¥�T �:© � ��� ­W��¯<¶d®7¯-( Y=[Öµ<¶$(�ºQ²±¸�¯7· \ ²z¾%�¡¾%��¯�¾|²±³Q¾Z½d¸�µ7¯ � ²±¸O¹J°y¯3¾�¶£¸�º<¶d»:¸�·D´ R ≤ 1−τ
´

²%()¼H° ²T¯Q³�¾���½+¾
R ≤ 0.5

&�¶d®¡½d¸P#
(2, 1) +�� � º.#�¾���¯�¼-®<¶D¶M&�½5º<¶$�+¯<´�¼-®7¶=�D²T·£²±¸O¹ ½&¸H¯ \ ¼-®7¶p¶X&&�¶d®�¾���¯¡¶£°}·�º<¶d»:¸�·+¿ * ¸ #¡³<¾T®7¶£¸O¹@¯Q® º<¶d»:¸�·�¶£¸

R
²±¸Ã¾Z¯�®.( ³�¶X&

τ
&�¶d®�¸�¶d¸ + °e²±¸H¯<½d®Öµ<¶p·5¯�³>´

\ ²z°±°i²%(�¼-®7¶=�£¯ ¾���¯�®7½£¾Z¯ º<¶£»:¸H· &�¶£® (2, 1) + ³�¯Z¼�½d®7½+¾|²±¸@¹�µ<¶D·J¯Q³�¿

�Þ¥�T �:© � � �	� #&»:³<²±¸O¹æògð5ó7´ \ ¯)¹@¯�¾W&�¶d® ½£¸P# i
¾���½£¾

M ≤ h−1
i 2i,

º.#�½!¼-®7¶p¶X&!³<²%(Ö²z°y½d® ¾�¶�¾%��½£¾�¶X&�­���¯<¶d®<¯.( Y$[@¿


 �5C�ÊXC�@ LHÄ

Û�4725Ú Ìu(+Ò × 0¡ß+Ø-ÙI0!ë@*�2£Ù =7;�(£=)(5*B(5,>ÕOÚ&Í�=>2+=7Ñ±9/?�Í�Í�034)Ò-2J?�*�A�2+Ïu=>;�0 4<(£=70!2+Ïw(
(1, 2) Ð,�0DÍ�(+4<(£=7Ñ}*�6Ö932@A�0�Ñ±,

R ≤ 1/2
F�8O=<(+4>=>ÑW*�6¡Ù�Ñ}=>;B(+* (J,�Õ@Ú&Í:=72+=7ÑW9)Ï|(+Ú&Ñ × Õ&Ù�Ñ}=>;�4<(£=>0�9 × 2J,>0

=>2
1/2

ØdÙ%0�9�25*-,]=74>?�9�=�()Ï|(+Ú&Ñ × Õ)Ù�Ñ}=7;�=>;�0�,7(+Ú&0I47(+=>0�(+*�A�25* × Õ 9�2:A:0DÙI2J47A�,�Ù�Ñ}=>; ÙI0DÑW65;O=
9 × 2J,>0�=>2

n/2
F��i0�=

C
Ò�0%(

(1, 2) Ð 8�812+Ï�4<(£=70 R = 1/2−α
Ø3Ù�;�0D4>0

α > 0
Ñ±,�(),>?���9�ÑW03*O= × Õ

,�Ú�( ×}× 9�2J*�,�=7(+*O=DF
GI25*�,>Ñ±A:034�(�Í�(54�=7Ñy=7ÑW25*

(P1, P2)
2+ÏO=>;�0�932@254<A:ÑW*�(£=70D,�Ù�Ñ}=>; |P1| = d(1/2 + 1.1α)ne =:

n1
F �i03=

Ui ⊆ C
Ò�0)=7;�01,>0�=�2+Ï�932:A:03Ù%254<A�,ÎÚ�(+=79<;�ÑW*�6 *�2�2+=7;�034�9�2:A:0DÙI2J47A¡2J*

Pi
FOã�=�Ñ±,

0D(5,>Õ�=>2�9<;�0D9<ë�=>;�(+=
C ⊂ U1∪U2

F:ògï)=7;�0347Ù�Ñ±,�05ØD,�2JÚ&0Î9�2:A:0DÙI2J47A!Ù%25? × A1Ò�0IÚ�(+=79<;�0pA�Ò@Õ
(£=�Ú&2O,]=�=]Ù%2�2+=7;�034<,�25*

P1
(5*�A

P2
Ø3=7;@?�,i*�25=�,>03Í�(547(+=>0DA-ó<Fp8@ÑW*�930 |U2| ≤ 2|P2| = o(|C|) ØÙI0!6503= |U1| = (1 − o(1))|C| F�Î4>2<:�0D9�=>ÑW*�6

C
2J*

P1
6JÑWÜ50D, (�932@A�0

C1(n1, 2
(1/2−α)n(1 − o(1)))

2+Ï)4<(£=70
R1 ≈

(1/2 − α)/(1/2 + 1.1α) ≈ 1 − 4.2α
FHÌ�;O?-,�Ø-=>;�0�470 × (+=>ÑWÜ50!A:25Ú&ÑW*�(+=>ÑW*�6ÖÙI0DÑW65;O=

ω1
ÑW*

C1
ÚÖ?�,�=�Ò-0�9 × 2O,�0�=>2

1/2
F

�/2£Ù!Ø+Ù%0�0��:Í�?�476J(+=>0%ÒOÕ ë50D03Í�ÑW*�6125* × Õ�932:A:03Ù%254<A�,u2+Ï
C
Ù�;�ÑW9<;Ö6503=Î4>0 × (£=>ÑWÜJ0�Ù%03ÑW65;O=

ω1
Ù�;�03*ÞÍ�4>2<:�0D9Q=70DA¡2J*

P1
F:Ì�;O?-,�Ù%0)6J0�=%( 9�2:A:0

C ′ Ù�Ñ}=7;�47(+=>0)(J,�Õ@Ú&Í:=72+=7ÑW9D( ×W× Õ 0DçO?�( ×=>2Ö=>;�(+=/2+Ï
C
F

3�0!4703Í�0D(£=%=>;�01Í�4>2:9�0pA:?�470)Ù�Ñ}=>;�(Ö*�03Ù Í-(+4>=>Ñ}=>ÑW25*
(P ′

1, P
′
2)
Ø�( × Ú&2O,]=IA�ÑW,�:�25ÑW*O=ÎÏz4725Ú

=>;�0 Í�4>0DÜOÑW2J?�,Ö25*�0öò|ÑTF 0+F}Ø�Ù%0�=7(5ë50 |P1 ∩ P ′
1| = d2.2αne óQF%Ì�;�0 932@A�0 C ′′ 2JÒ:=7(5Ñ}*�0DA



(£Ï±=>0D41=>;�0&,>0D9�2J*�AB0%�@Í�?�4>6O(£=7Ñ}2J*B4>03=7(5Ñ}*-,/Ò�2+=>;
(1, 2) Ð ,>03Í-(+4<(£=>ÑW2J*�(5*�A 4<(£=70 ≈ 1/2

F�ã�=<,
9�2:A:03Ù%254<A�,3Ø5Ò�03ÑW*�6 Ò�( × (5*�9�0pAÖ25*

P1
(+*-A

P ′
1

Ø@(54>0 6_( × Ú&2O,]=�8+Ò�( × (+*-9�0DA�ØJ(5,�=7;�0/Ïz2 ×W× 2£Ù�ÑW*�6
=>;�0D254703Ú ,�=7(+=>0D,3F

QSR ¥@¨-©£¥�T � ����¶d® ½£°±°
c′′ ∈ C ′′ ´ \ ¯ ��½=�£¯ |w(c′′)/n − 1/2| = o(1)

¿

�Þ¥�T �:© � �%� ­W�@²±³�®7¯Q³<»�°e¾1¹O¯�¸H¯�®7½+° ²±³3¯Q³Ã¯<½d³<²z° #ä¾�¶
(1, t) + ³3¯�¼�½d®7½+¾|²T¶£¸�¿ * ¸ #å³7»-µ � µ<¶p·5¯

\ ²z¾%��®7½£¾Z¯ µ3°y¶£³�¯ ¾Z¶¡¾���¯Ö¶7¼�¾T²%(�½£°i®<½£¾Z¯ ¶M& 1/t
²±³�½£° (�¶d³Q¾�º<½£°y½£¸Hµ<¯<·+¿

3�0Ö;�(dÜ50�=>4<(+*�, × (£=70DA�=>;�0 2 × A�9�25ÚÖÒ�ÑW*�(+=>2547Ñ±( × çO?�0D,�=>ÑW2J* 2+Ï�,>03Í�(547(+=>ÑW*�6Þ932:A:0D,�ÑW*J=72
=>;�0 × (+*�6J?�(+6J0�2+ÏÎ=74>0 ×W× Ñ±,>0D,3F�Ì�;�Ñ±,);-(5,�03*�(5Ò × 0DAB?�,�=72�,>;�0DA�*�03Ù × ÑW6J;J=/2J* =7;�0 Ú�(+=�=7034DØ
ÒOÕÞÍ�?:=�=7ÑW*�6Ö=>2&?�,>0 9�25*-9�03Í�=7, × ÑWë50103*O=>4725Í@Õ�(+*-AÞ;�ÑW6J;�034�Ù%03ÑW65;O=7,3F

� Ä$�7ÄiÇ�Ä @ LHÄ�E

�pP � PDø)PDhw[D`Z`][3�_f5jpV5P��£{OMOM�V3XZN]`HVDU�[�^<V+�JLDP@RTS!÷�Pd�uVD�@L>S�a���P£÷%\e{@`�N]\zaD[3S:���%P��¡V3X�[5apLQ�J\eN]VDX]`<a
������� 	�

����� ��
������������ ��
����
��	������ ������	��! �"$#%��&���'��(������)
*�������
��+�!	,&-�.*�����
/# aOcdVD�_{JY L10 � n1V3U
2 �3��	,&4��
��156
��+�!7-��
98�����
/#%	,&:*��;"1�37<��
�� 2 �(	�
�&���
 P��£MOX]\eS@jpL>X r>= L7X]�y[Dj5a:��0�0 s P

t+P)�+\_Y!VDS¡�/PJh��}[3^�� l {OXZS�P � X�[�Y L7MOX]V£V3Ui^<V+�JL7`<P 2-? �A@CB4D6E%	�#��(��
/��
F@G���! 4D a�� �<Hz��I(J � 0�0;K s �<o5a
t3opo � P� P�K�[3S�h�VDSOL7�![�S:�FL£[3Y L7`��+�:[<v�PJ�uVD�y�e{@`Z\_VDS r `ZL7^7{OX]L��OS@jDL7XZMOX]\eS+N]\_SOj�UWV3X��J\_jp\eN�[D�+�O[�N�[5P ? 'M'�'
N �
��&O#/D ? &;P/����"QD N  4

�;�(R a �D�3H|sSI(J �<n�0pm�K@�+0po s a���0S0pn+P k X]L<`ZL>S5N]L<��\eS�M:[3XZN�[�N��u�UT k �ÎùWV 0 s P� P)÷%�>X�[3X��å�uV3�@L7S-aw�+\_Y!VDS � \eN]`�f5S-a�[3S@�å÷%\_�y�_L<`YX:�7Y V3XQP b MJM�L7X l VD{JS:�J`1VDSæjDL7S@L7X�[3�y\[Z<LQ�
�5\y`�N�[�S@^<L7`<P ? '�'M' N ����&\#(D ? &�P/����"QD N  4

�;�(R a � o Hz��I(J t3o�0po�K5t3o�0dt£a��+0�0 � Ps P)÷%�>X�[3X��ö�uVD�OL7Sé[3S@�ö÷%\y�_�_L<`QX��>Y VDXQP R|S5N]L>X]`ZL<^7N]\eS@j�^<V+�5L<` [3S:�å\eS:�5L7M�L7S@�JL7S+N!UW[3Y \_�y\_L<`<P
? 'M'M' N �
�;&\#(D ? &;P/����"QD N  <
�����R a � o J �QndmDt�KO�Qnpn+�pa���0S0 � P� P)÷%�>X�[3X��&K1P��uV3�@L7S-a-�+f5�_c5\y[�hIP � SO^��OL<cD[5a��+\_Y V3S � \eN]`�f+S�a@[3S:�^]%[3SO`�÷%L<V3X]j¡�+^��@[p[3NZ�+{JS�P
R|S+N]L7X]`ZL<^7N]\eS@jI^<V+�JL<`�[�S:�1`ZL7M@[3X�[�N]\_SOj�^<V+�JL7`<P E1	_#(�(�

/��
`������� 	>
��9@a���! <
�"Y�S�!	��+# aO��t3n H � I(J m s K
n � a@tDoDo � P
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